We present a study on the shifted Green biset functors kR F,G of linear F-representations with coefficients over k, for fields k and F of characteristic zero and G a finite group. We provide criteria for the vanishing of their essential algebras and we prove that the condition of uniqueness of minimal groups for simple modules holds for these functors. We give a parametrization of a family of simple kR Q,G -modules. We also prove the semisimplicity of the category of CR C,G -modules by means of an equivalence with a category of modules over a semisimple algebra.
Introduction.
A Green biset functor A is a biset functor over a unitary commutative ring k, together with a family of bilinear products. There is a natural way to define ideals and modules over A, and the study and classification of these functors become an interesting problem as it takes part on the wider problem of classification of k-linear functors over k-linear categories. Green biset functors arise naturally from representation theory of finite groups, which at the same time provides tools for the understanding of their internal structure and their modules. Many of these functors have been extensively studied, and for some of them, families of simple modules and ideals have been parametrized by means of the most diverse methods (see, for example: Barker [1] , Bouc [3] , Ducellier [6] , Romero [9] & [10] ).
For a Green biset functor A, a result due to Nadia Romero [10] gives a parametrization of its simple modules by means of isomorphism classes of seeds (H, V ) consisting of a group H such that the essential algebra A(H) is non-zero, and a simple A(H)-module V , under the assumption that minimal groups for simple modules are unique up to group isomorphism. Romero pointed out in [9] that this condition does not hold in general: the monomial Burnside functor kB 1 C4 has a simple module for which there are two non-isomorphic minimal groups. However, even if we know that the condition of uniqueness holds for A, a deeper understanding of its simple modules requires to go further in the study of its essential algebras and their modules. On the one hand, we would like to find necessary and sufficient conditions on a group H for A(H) to be zero; on the other hand, if we know that A(H) is not zero, we would like to know all of its simple modules. Both problems are in general very complicated, and for most Green biset functors, the best we can expect are partial solutions.
If k is a field of characteristic zero, the functor kR Q and its modules, known as rhetorical biset functors, were studied by Laurence Barker [1] . Barker proved that the condition of uniqueness on minimal groups for simple modules holds for kR Q , and simple rhetorical biset functors are parametrized by isomorphism classes of seeds (H, V ) where H is a cyclic group and V is a primitive kOut(H)-module. This article is devoted to the study of the shifted functors kR F,G , its modules and its ideals, for fields k and F of characteristic zero and G a finite group. These functors are Green biset functors and projective kR F -modules at the same time, and making G run over a set of representatives of the isomorphisms classes of finite groups, we get a set of projective generators of the category kR F −Mod of kR F -modules.
In Section 3, we introduce (F, G)-rhetorical biset functors as modules over kR F,G , and G-rhetorical biset functors as modules over kR Q,G ; these concepts generalize rhetorical biset functors. We give a characterization of the lattice of ideals of kR F,G by means of an isomorphism of lattices between the set of ideals I k,F,G of kR F,G and the power set of the set Ω(k, F, G), defined to be the orbit space of an action of Gal(k[ω], k) on the set c F (G) of F-conjugacy classes of G, where ω is an n-th primitive root of 1 and n is the exponent of G. This implies that kR F,G is a semisimple (F, G)-rhetorical biset functor. Then we prove that the essential algebras of kR F,G vanish for non-cyclic groups, and that if H is a cyclic group such that kR F,G (H) is non-zero, then kR Q (H) is non-zero. This implies that the condition of uniqueness of minimal groups holds for kR F,G . Finally, we provide a parametrization of the family of simple G-rhetorical biset functors whose minimal groups have order relatively prime to the order of G.
In Section 4, we focus on the case k = F = C. Romero proved in [10] that the functor CR C is a simple CR C -module, by proving that in P CR C , the hom-sets are generated by morphisms which factor through the trivial group. We prove that this property holds in the shifted case, implying that the trivial group is minimal for any CR C,G -module. Then it is natural to think that any CR C,Gmodule is completely determined by its value at the trivial group. This is actually so, and we provide an equivalence between the category of CR C,G -modules and CR C (G) − M od, implying among other things the semisimplicity of the first one.
Preliminaries.
Let G and H be finite groups. An (H, G)-biset X is a set with a left action by H and a right action by G such that these actions commute. We will often write H X G is a biset to say that X is an (H, G)-biset The opposite biset X op is the (G, H)-biset which as set is X but with actions defined by g · x · h = h −1 xg −1 for x ∈ X op , g ∈ G and h ∈ H. If φ : H −→ G is a group homomorphism, then G becomes an (H, G)-biset that we denote by H φ G G , with actions defined by h·g ·g ′ := φ(h)gg ′ for h ∈ H, g ∈ H φ G G and g ′ ∈ G, while G Gφ H stands for its opposite. Important cases of this construction are the following: if i : H −→ G is an inclusion, then the induction from H to G is the biset Ind
The biset category C has all finite groups as object class and hom-sets given by C(G, H) = B(H, G) for any pair of finite groups G and H, with composition induced by the composition of bisets and identity for G given by the isomorphism class of the (G, G)-set G. The biset category is a preadditive category. If k is a commutative ring with unit and D is a preadditive subcategory of C, we can consider the k-linearization kD of D which is the category whose objects are the same of D and hom-sets given by kD(G, H) = k ⊗ D(G, H) for any pair of finite groups G and H with composition induced from that of D by k-linear extension.
A biset functor for D over k is a k-linear functor from kD to k − M od. We denote by F D,k the category of biset functors for D over k with morphisms given by natural transformations. By now we are only interested in the case D = C, so for a biset functor we will always mean a biset functor for C over k, without danger of confusion. If F is a biset functor, a finite group H is said to be minimal for F if F (H) = 0 and F (K) = 0 for any finite group K such that |K| < |H|.
The Burnside functor kB and the functor of linear representations kR F for a field F of characteristic zero are biset functors. We recall the definition of kR F . For any finite group G, the ring of linear representations of G, denoted by R F (G), is the Grothendieck group of the category of finitely generated FG-modules with product induced by tensor product over F, and for any finite biset H X G , the map sending the isomorphism class of a finitely generated FG-module M to the isomorphism class of the FH-module FX ⊗ FG M induces a group homomorphism R F (X) : R F (G) −→ R F (H), thus R F is a biset functor over Z. If M is a finitely generated FG-module, then the F-character afforded by M is the function χ M : G −→ F defined on an element g of G as the trace of ψ(g), where ψ :
is the linear representation of G on M , and the ring of F-characters of G is the abelian group of all the F-valuated functions on G which can be expressed as the difference of characters afforded by modules, with product defined pointwise. Since F has characteristic zero, then R F (G) and the ring of F-characters on G are isomorphic, and we often identify these rings. Then kR
Modules over Green biset functors.
Now we come to the definition of Green biset functor, as it appears in Chapter 8 of Biset Functors for Finite Groups [3] by Serge Bouc. Recall that the category grp of all finite groups is a monoidal category with respect to the cartesian product, where the association arrows are given by the canonical isomorphisms
, and the left and right unit arrows are given by the canonical isomorphisms λ H : 1 × H −→ H and ρ H : H × 1 −→ H respectively, for any finite groups L, K and H.
for any a ∈ A(K) and b ∈ A(H).
If C is another Green biset functor, a morphism of Green biset functors f : A → C is a morphism of biset functors with the following properties:
for any finite groups K and H and any α ∈ A(K) and β ∈ A(H).
There are many other equivalent definitions of a Green biset functor. For most of our purposes in this paper, this definition is easier to handle. The following proposition gives an equivalent definition that will be useful in the first part of Section 3.
Proposition 2.2. Let A be a biset functor. Then the following statements are equivalent:
1. A is a Green biset functor.
2. For any finite group H, A(H) is an associative k-algebra with unit, and for any homomorphism of finite groups ψ : H −→ K, the following statements hold:
Proof to this proposition can be found in Romero's Ph.D. thesis Funtores de Mackey [8] , where it appears as Lemma 4.2.3. Examples of Green biset functors are the functors kB and kR F . Furthermore, the functor kB is an initial object in the category of Green biset functors, this means that for any Green biset functor there is a unique morphism of Green biset functors λ : kB −→ A. 
2. (Identity element) M (Iso(λ H ))(ǫ × m) = m for any finite group H and any m ∈ M (H).
3. (Functoriality) Let H, K, L and T be finite groups. If α ∈ kB(T, K) and β ∈ kB(L, H), then
for any a ∈ A(K) and m ∈ M (H).
If N is another A-module, a morphism of left A-modules f : M −→ N is a morphism of biset functors such that f K×H (a × m) = a × f H (m) for any finite groups K and H, any a ∈ A(K) and any m ∈ M (H). In a similar way, one can define a right A-module.
Proposition 2.4. Let A be a Green biset functor and M be a biset functor. Then the following statements are equivalent:
2. For any finite group H, M (H) is a left A(H)-module, and for any homomorphism of finite groups ψ : H −→ K, the following statements hold:
and if b ∈ A(K) and t ∈ M (H), then
This result and its proof appear as Proposition 1.6 in the author's Master thesis Módulos simples sobre funtores de Green en biconjuntos [7] . For any Green biset functor A, we denote by A − Mod the category of all its left A-modules. A left ideal I of A is a biset subfunctor of A which is also an left A-module by restriction of the product of A. Similarly, one can define a right ideal and a two-sided ideal of A. A Green biset functor is said to be simple if it has no proper two-sided ideal other than 0. By Proposition 2.4, I is a left (resp. right, two-sided) ideal of A if and only if it is a biset subfunctor of A such that I(H) is a left (resp. right, two-sided) ideal of A(H) for any finite group H.
If H is a finite group, we denote by
← − H denotes its opposite biset. If L, K and H are finite groups, we define
Definition 2.5. Let A be a Green biset functor. The category associated to A is defined as the category P A whose objects are all finite groups and whose hom-sets are given by P A (H, K) = A(K × H) for any pair of finite groups H and K, with the composition defined in the previous paragraph and identity for H given by
The category P A is k-linear. Let F un k (P A , k − M od) denote the category of all k-linear functors from P A to k − M od. Proposition 2.6. The categories F un k (P A , k − M od) and A − Mod are k-linearly equivalent.
This result can be found as Proposition 2.11 in [10] . The use of this equivalence will be seen later in Proposition 2.9.
The problem of classification of simple modules.
From now, by an A-module we always mean a left A-module. The classification of simple A-modules is in general a difficult problem. Under suitable conditions on A, there are nice parametrizations of simple A-modules. Recall that a finite group H is minimal for an A-module M if it is minimal in the sense of biset functors. Definition 2.7. Let A be a Green biset functor and H a finite group. The essential algebra of A in H is defined as the quotient
which is a two-sided ideal of End PA (H). We write a for the class in A(H) of an element a of A(H ×H).
The essential algebras are unitary associative algebras, but in general we cannot say whether or not they vanish for an arbitrary group H. However, the following may be a useful criterion: if f : A → C is a morphism of Green biset functors, then it induces a homomorphism of unitary kalgebras f H : A(H) → C(H) defined by the rule f H ( a) = f H×H (a), for any finite group H and a ∈ A(H × H). Then if A(H) is zero, so is C(H).
If S is an A-module, then S(H) is naturally an End PA (H)-module. If H is minimal for S, then S(H) becomes naturally an A(H)-module. If S is simple, then S(H) is simple as A(H)-module. Now, given a group isomorphism ψ :
; we write ψ M for the restriction of scalars of an A(K)-module M via this isomorphism.
Now recall that for any finite group H, the evaluation at H gives an exact functor
so it has left and right adjoints L H and R H respectively. The functor L H : End PA (H) − M od −→ A − Mod can be defined as the functor whose value at an
If H is such that A(H) = 0 and V is a simple A(H)-module, then V is a simple End PA (H)-module by restriction of scalars. Then the A-module L H,V has a unique maximal submodule J H,V and a unique simple quotient
with H as minimal group and
The following result due to Nadia Romero appears as Proposition 4.2 in [10] .
Proposition 2.9. Let A be a Green biset functor such that any simple A-module has a unique minimal group up to group isomorphism. There is a bijection between the set of isomorphism classes of simple A-modules and the set of isomorphism classes of seeds on P A .
The condition of uniqueness on minimal groups does not hold in general, as it was exposed by Romero in [9] . We give some examples to Proposition 2.9.
Example 2.10. The Burnside functor kB is a Green biset functor, which turns out to be an initial object in the category of Green biset functors. There is an equivalence of categories between F C,k and kB − Mod. Uniqueness of minimal groups for simple biset functors holds as a consequence of Lemma 2.3.26 in [3] , and the classification of simple biset functors by means of isomorphism classes of seeds was given by Serge Bouc in its paper Foncteurs d'ensembles munis d'une double action [2] in 1996. The category P A was introduced later by Bouc as a generalization of the biset category. More details can be found in Chapter 4 of [3] .
Example 2.11. If H is a finite group and F is a field of characteristic zero, the linearization functor X → FX from H − set to FH − mod induces a k-algebra homomorphism λ H : kB(H) −→ kR F (H), which defines a morphism of Green biset functors λ : kB −→ kR F that we call linearization morphism. Linearization is the only morphism of Green biset functors from kB to kR F since kB is initial in the category of Green biset functors. The image Λ = λ(kB) of kB in kR F is a Green biset functor, and its modules are known as rhetorical biset functors. When k is a field of characteristic zero, Proposition 2.9 holds for this functor since simple rhetorical biset functors are the simple biset functors annihilated by ker λ. Simple rhetorical biset functors were studied and classified by Barker in [1] .
We will see later that Proposition 2.9 holds also for the functors kR F , for k and F arbitrary fields of characteristic zero, which generalizes the result for rhetorical biset functors. We end this subsection with two lemmas that will be useful later. From now, if A is a Green biset functor, H is a finite group, a ∈ A(H) and K X H is a basic biset operation, we write Xa instead of A(X)(a), e.g., if
Proof. We have
as bisets, so we have
Lemma 2.13. Let A be a Green biset functor. Then for all finite groups H and K
for all a ∈ A(H) and b ∈ A(K).
Proof. Inf
is an isomorphism of (H × K, H × K)-bisets.
The Yoneda-Dress construction.
Let F be a biset functor and G be a finite group.
Definition 2.14. The Yoneda-Dress construction of F in G, or F shifted by G, is defined as the functor
It is straightforward that shifting by G defines an endofunctor of F C,k (see section 8.2 in [3] ). If A is a Green biset functor, A G is again a Green biset functor with product given by
, where the product on the right-hand side is the product of A.
Then the composition in P AG is given by
, where again the product on the right-hand side is that of A.
If M is an A-module, then M G is both an A-module and an A G -module. By the Yoneda lemma, the functors A G are projective objects in A − Mod. If [grp] is a set of representatives of isomorphism classes of finite groups, the functors A G with G ∈ [grp] form a set of projective generators of A − Mod, so the module G∈[grp] A G is a progenerator. This result appears as part 2 of Proposition 8.6.1 in [3] without a proof, thus we prove it here. Proof. Let G be a finite group. We will prove first that the representable functor A G is a projective
where the vertical arrows are the natural isomorphisms given by the Yoneda lemma, and the bottom row is exact since evaluation on G is, thus the top row is exact too and the functor A − Mod(A G , _) is exact, implying A G is a projective object in A − Mod. Now let M be an A-module. Then there is a morphism of A-modules ψ :
for any group H. Since for any H there is an element G in [grp] such that H ∼ = G, it follows that any ψ H is an epimorphism, and so is ψ.
The following lemma for the shifted product will be useful in the following sections.
Lemma 2.16. Let A be a Green biset functor and G be a finite group. For any finite groups K and H finite groups and a ∈ A(K) and b ∈ A(H × G), we have
Proof. The application
In this section, k and F are fields of characteristic zero. Let E/F be an extension of fields and H be a finite group. For a finitely generated FH-module V , the notation E V stands for the EH-module obtained from V by extension of scalars from F to E. If W is another finitely generated FH-module, then we have isomorphisms of EH-modules
Hence we have a ring homomorphism
sending the isomorphism class of the FH-module V to the class of E V . This homomorphism can be extended to a k-algebra homomorphism
that we denote the same way.
Proposition 3.1. Let E/F be an extension of fields and A and B be F-algebras. If V is an A-module and T is a (B, A)-bimodule, then we have
Proof. Let M be an E B-module and θ : E T × E V −→ M be an E A-balanced application which is E B-linear in the first variable. We can put θ into the following diagram
where:
• θ ′ is the composite of the natural inclusion T × V ֒→ E T × E V with θ, so θ ′ is an A-balanced application which is B-linear in the first variable.
• Θ ′ is the unique homomorphism of B-modules such that
• Θ is the unique homomorphism of E B-modules extending
• γ is defined by the rule (e 1 ⊗ t, e 2 ⊗ v) → (e 1 e 2 ) ⊗ (t ⊗ v) for t ∈ T , v ∈ V and e 1 , e 2 ∈ E, which is easily checked to be a E A-balanced application which is E B-linear in the first variable.
It is easy to see that all the triangles and the square in this diagram commute, implying the uniqueness of Θ in the sense that θ = Θ • γ.
By Proposition 3.1 it follows that for any biset K X H and any finitely generated FH-module V , we have
as EK-modules, thus the morphisms E ǫ H define a morphism of biset functors
If K is another finite group and U is a finitely generated FK-module, then
and so E ǫ is a morphism of Green biset functors that we call the E-extension. By Theorem 29.11 in [5] , E ǫ is a monomorphism. Thus we have the following triangle
which is easily checked to be commutative. In particular if F = Q, Artin's induction theorem implies that the arrow λ : kB −→ kR Q is an epimorphism, and so the image of λ : kB −→ kR E is isomorphic to kR Q . Thus, rhetorical biset functors are precisely the modules over kR Q . This motivates the following definition.
Definition 3.2. If G is a finite group, an (F, G)-rhetorical biset functor is a module over the functor kR F,G . An F-rhetorical biset functor is a module over the functor kR F . A G-rhetorical biset functor is just a (Q, G)-rhetorical biset functor.
Since kR F,1 ∼ = kR F as Green biset functors, F-rhetorical biset functors are precisely the (F, 1)-rhetorical biset functors, while Q-rhetorical biset functors correspond to rhetorical biset functors.
The lattice of ideals of kR F,G .
We recall some results on F-characters over a finite group G. If n is a positive integer and ω is a primitive n-th root of 1, then the Galois group Gal(F(ω)/F) of the extension F(ω)/F can be embedded in (Z/nZ) × as a subgroup F n since any automorphism of F(ω) fixing F is determined by ω → ω r for some r relatively prime to n. As examples, when F = Q, then F n = (Z/nZ) × ; if F = C, then F n = 1.
Recall that for a finite group G, its exponent is the smallest positive integer n such that g n = 1 for any g ∈ G, and we often denote it by e(G)
It follows that to be F-conjugate defines an equivalence relation on G. We say that a function ξ : G −→ F is an F-class function on G if its restrictions to F-conjugacy classes are constant functions. The space of F-class functions on G is an F-algebra of dimension equal to the number of F-conjugacy classes on G. Then F-characters are F-class functions, and by Proposition 9.20 in [4] , the F-characters afforded by simple FG-modules (or irreducible F-characters for short) are linearly independent over F. By Theorem 42.8 in [5] , the number of irreducible F-characters is the same as the number of Fconjugacy classes, hence they are a basis for the space of F-class functions, that we identify with the algebra FR F (G).
From part 2 of Lemma 7.1.3 in [3] , for any finite groups H and G, any finite biset H U G and any F-character χ of G, we have
for any h ∈ H. Equation 1 holds too for kR F since kR F (U ) = 1 ⊗ R F (U ). Proof. The exponent t of G/N is a divisor of the exponent n of G so if [i] ∈ F n then i is coprime to t. If ω is an n-th primitive root of 1, then ω n t is a t-th primitive root of 1 and ω
, and so we have
If we take any other element gN which is F-conjugate to g 0 N , then there exist xN ∈ G/N and
in F n and some y ∈ N . Hence gy ∼ F g 0 and π(gy) = gN .
Let C be an F-conjugacy class on G. We define the F-class function e G C as
for g ∈ G, which is a primitive idempotent of FR F (G). These idempotents form a full set of orthogonal primitive idempotents and they are also a basis for FR F (G). Now we will see how biset operations affect the primitive idempotents via the functor FR F,G . For any H, let π 2 denote the natural projection from H × G to G.
Lemma 3.5. Let H and K be finite groups. If C is an F-conjugacy class of H × G and α ∈ FB(K, H), we can write
for some
)(k, g) = 0 and so there exist (h, g 1 ) ∈ C and (u, g 0 ) ∈ U × G such that (ku, gg o ) = (uh, g 0 g 1 ). Then g = g0 g 1 , thus π 2 (D) = π 2 (C).
Let G be a finite group, n be its exponent and ω be an n-th primitive root of 1. Since the map
is an isomorphism, both Galois groups are identified with the same subgroup F n of (Z/nZ) × , hence the number of Fconjugacy classes and the number F ∩ Q[ω]-conjugacy classes are the same, and R F (G) and R F∩Q[ω] (G) have the same rank. Thus is a splitting field for it. Since kR F (G) is commutative, its Wedderburn factors are finite field extensions of k, so any ideal of it is completely determined by a set of primitive idempotents. We will use this to give a characterization of the ideals of the functor kR F,G .
Let E/k be a Galois extension and A be a finite dimensional k-algebra. If σ ∈ Gal(E/k), it induces a ring automorphism σ ⊗ 1 :
and so it sends idempotents to idempotents. Then, if M is an E A-module, the E A-module σ M is defined to be the restriction of scalars of M via σ ⊗ 1, that we call the conjugate of M by σ. Conjugation by σ sends simple modules to simple modules, and Gal(E/k) acts on a set Irr( E A) of representatives of simple E A-modules. By Lemma 7.17 in [4] , if E A is a semisimple E-algebra, S is a simple left E A-module and e S is the central primitive idempotent of E A which acts as the identity on S, then (σ ⊗ 1)(e S ) is a central primitive idempotent which acts as the identity on σ S, for any σ ∈ Gal(E/k).
So we have an action of Gal(E/k) on the set of central primitive idempotents of E A, and we write σ · e instead of (σ ⊗ 1)(e) for σ ∈ Gal(E/k) and e a central primitive idempotent of E A. By Proposition 7.18 in [5] , if V is a simple left A-module, then E V is a semisimple E A-module, and it is a direct sum of conjugates of one simple E A-module S. Moreover, all conjugates of S appear in E V with the same multiplicity and if e V ∈ A is the central primitive idempotent acting as unity on V , then
where S i runs over the conjugates of S and e Si is the central primitive idempotent in E A acting as the identity on S i .
Let n be the exponent of G and ω be a primitive n-th root of 1. Since k[ω] is a Galois extension of k, any primitive idempotent of kR F (G) can be written as the sum of the orbit of a primitive idempotent of k[ω]R F (G) under the action of Gal(k[ω]/k). We identify Gal(k[ω]/k) with a subgroup K n of (Z/nZ) × as we did previously for F n = Gal(F[ω]/F). Lemma 3.6. Let G be a finite group and n be its exponent. If C is an F-conjugacy class in G and j is an integer relatively prime to n, then C j = {x j |x ∈ C} is also an F-conjugacy class in G.
Proof. It is easy to see that C j is contained in some F-conjugacy class D. On the other hand, if z ∈ D and x ∈ C, then there exist [i] ∈ F n and g ∈ G such that
This lemma gives an action of (Z/nZ) × on c F (G), and by restriction, an action of K n . Let Ω(k, F, G) be the orbit space of the action of K n on c F (G), and for C ∈ c F (G), let O(C) denote the orbit of C in c F (G) under the action of K n .
Lemma 3.7. Let C be an F-conjugacy class in G and
where the second one extends the first one naturally. Then
where C G (g) = C G (g j ) since j is a unity modulo n. 
Proof. Let s be the exponent of K × G and t be the exponent of
If I is an ideal of kR F,G , we know that I(H) is an ideal of kR F (H × G) for any H, so it is completely determined by a unique subset E(H) of Ω(k, F, H × G). Proposition 3.10. Let I be an ideal of kR F,G and E I = {O(C) ∈ Ω(k, F, G)|e
for any (h, g) ∈ C, thus e
H×G

O(C) ∈ I(H) and O(C) ∈ E(H).
Let E ⊂ Ω(k, F, G) and define
for any group H. So we have that I E (H) is an ideal of kR F (H × G). Then for any α ∈ kB(K, H), kR F,G (α) restricts to a k-linear transformation
as a consequence of Proposition 3.9. So we have Proposition 3.11. Let E ⊂ Ω(k, F, G). Then the assignments
for any H and K finite groups and α ∈ kB(K, H), define an ideal I E of kR F,G .
Proof. By Proposition 3.9, I E is a biset subfunctor of kR F,G such that for any H, I E (H) is an ideal of kR F,G (H), so I E is an ideal of kR F,G .
Let I k,F,G be the set of ideals of kR F,G .
Theorem 3.12. Let k and F be fields of characteristic 0 and G be a finite group. Then the function
is an isomorphism of lattices, with inverse given by
Proof. By Proposition 3.10 and Proposition 3.11, the applications just defined are mutual inverse isomorphisms of orders.
If E = {O(C)}, we write I O(C) instead of I E . Theorem 3.12 implies that
Corollary 3.13. The functor kR F,G is a semisimple object of kR F,G − Mod. Furthermore,
as (F, G)-rhetorical biset functors. In particular, kR F is a simple F-rhetorical biset functor.
Proof.
kR
, and in this case we write
On the essential algebras of kR F,G .
The Artin's induction theorem implies that the linearization morphism λ : kB −→ kR Q is an epimorphism of biset functors which also a morphism of Green biset functors. Then via this morphism we see that simple kR Q -modules are precisely those simple biset functors annihilated by the kernel of λ. This implies the uniqueness of minimal groups for simple rhetorical biset functors, so they are parametrized by isomorphism classes of seeds (H, V ) where H is such that kR Q (H) = 0 and V is a simple kOut(H)-module which is also a kR Q (H)-module. Definition 3.14. Let n be a positive integer. A simple k(Z/nZ) × -module V is said to be primitive if anytime d|n and ker π n,d acts trivially on V , where π n,d : (Z/nZ) × −→ (Z/dZ) × is the canonical projection, then d = n. This is equivalent to say that if ψ : (Z/nZ)
Theorem 1.5 in [1] states that a pair (H, V ) is a seed for a simple rhetorical biset functor if and only if H is a cyclic group and V is a primitive kOut(H)-module. This can be seen in two steps as it is done in [10] : first, proving that H if kR Q (H) = 0; then, proving that if H is a cyclic group such that kR Q (H) = 0, a simple kOut(H)-module V is also a kR Q (H)-module if and only if V is primitive.
The following result appears as Lemma 3.4 in [10] .
Lemma 3.15.
1. Let H be a non-trivial group. Then
An similar statement to part 2 of Lemma 3.15 holds for any kR F,G , while a partial generalization of part 1 holds for kR Q,G , depending on the exponent of H. The next proposition can be found in [10] as Corollary 3.7.
Proposition 3.16. Let H be a group such that kR Q (H) = 0 and V be a simple kOut(H)-module. Then V is a kR Q (H)-module if and only if V is primitive.
It follows from Proposition 3.16 that kR Q (H) = 0 if and only if H is a cyclic group for which there exist primitive kOut(H)-modules. Now we are going to determine all the cyclic groups for which the essential algebras do not vanish. It is a known result from number theory that if n is a positive integer, any character θ : (Z/nZ)
for a unique divisor d of n and a unique primitive character θ ′ : (Z/dZ) × −→ C × . So let P rim(n) be the number of primitive characters of (Z/nZ) × , then we have φ(n) = d|n P rim(d), where φ is Euler function. Thus P rim is a multiplicative arithmetic function, since φ is. Using the Möbius inversion, we have
for any prime p and any integer a ≥ 1, where µ is the Möbius function. Now it follows easily that P rim(p a ) = 0 if and only if p = 2 and a = 1. Since P rim is multiplicative, P rim(n) = 0 if and only if n is not the double of an odd number.
Lemma 3.17. Let H be a finite group. Then kR Q (H) = 0 if and only if H is cyclic and |H| is not the double of an odd number.
Proof. By Lemma 3.15, kR Q (H) = 0 if H is non-cyclic. So we can assume H = Z/nZ for some positive integer n, and we identify Out(Z/nZ) with (Z/nZ) × . If k is algebraically closed, then any simple k(Z/nZ) × -module V is one dimensional and its character χ V : (Z/nZ) × −→ k × can be realized as a C-character, so the result follows from the previous paragraph. For arbitrary k, if E/k and V is a simple k(Z/nZ) × -module, then
× on V and S i , respectively, then ker ψ = ∩ i ker ψ i , and if d|n, then ker π n,d ⊂ ker ψ if and only if ker π n,d ⊂ ker ψ i for any i. Hence if some S i is primitive, then so is V . Taking E = k, it follows that kR Q (Z/nZ) = 0 for all n which are not the double of and odd number, since any simple E(Z/nZ)
× -module appears as a summand of the extension to E of some simple k(Z/nZ) × -module. On the other hand, kR Q (Z/nZ) = 0 for all n which are the double of an odd number for π n, n 2 is an isomorphism.
For finite groups H and G, let π 1 : H × G −→ H and π 2 :
and by the Goursat's lemma,
are defined in a similar way, for i, j ∈ {1, 2, 3} and i = j. The following result can be found as Lemma 4.8 in [10] .
Lemma 3.18. Let K, H and G be finite groups.
where the composition on the right-hand side is the shifted composition.
Lemma 3.19. Let G be a finite group. If H is a finite group and either e(G)|e(H) or (|H|, |G|) = 1, then
Proof. It is enough to prove that whenever e(G)|e(H) or (|H|, |G|) = 1, any module of the form
factors through a cyclic group whose order is a proper divisor of |H|, for K a group of order smaller than the order of H and E ≤ H × K × G and D ≤ K × H × G cyclic subgroups. By the associativity of the composition, it is enough to prove that this is so for either
where K is a group of order smaller than |H|.
Suppose first that e(G)|e(H) and let
and so it is a divisor of |H|. But L 1 is also a subquotient of K and so |L 1 | is smaller than |H|. Thus L 1 is a cyclic group whose order is a proper divisor of |H|. By Lemma 3.18, 
is a cyclic subquotient of K × G and so |L 2 | divides |K × G| = |K||G|, hence |L 2 | divides |K|, which is smaller than |H| and so |L 2 | is a proper divisor of |H|. By Lemma 3.18,
Now we want to introduce a k-algebra homomorphism from kR Q (H) ⊗ k kR Q (G) to kR F,G (H). We need the following lemma.
as L×H ×G-sets, where on the right-hand side of the isomorphism we have the composition in P kB and Z × W is a G-set with the diagonal action, while on the left-hand side we have the shifted composition.
Let H be a finite group. We have a diagram
• The top arrow α ′ is the k-linear transformation induced by the product
of kB. Since End P kB (H) ⊗ k kB(G) is a unitary k-algebra with multiplication defined by the rule
, then α ′ is naturally a k-algebra homomorphism: by Lemma 3.20
for all a, b ∈ End P kB (H) and all c, d ∈ kB(G).
• The π appearing on the right vertical arrow is the natural projection
• The π appearing on the left vertical arrow is the natural projection
and so π ⊗ 1 is a surjective k-algebra homomorphism.
• The bottom arrow β ′ comes defined by the rule
for a ∈ End P kB (H) and b ∈ kB(G). This is well defined since for any a = a 1 • a 2 and all b ∈ kB(G), where a 1 ∈ P kB (L, H), a 2 ∈ P kB (H, L) and |L| < |H|, we have
by Lemma 3.20. The same argument which shows that α ′ is a k-algebra homomorphism shows that β ′ is too.
Diagram 3 is easily checked to be commutative. Then linearizing all the arrows, and since linearization is a morphism of Green biset functors, we get a commutative diagram
where all the arrows are homomorphisms of unitary k-algebras.
Let E/F be an extension of fields of characteristic zero. Since the shifted of a morphism of Green biset functors is again a morphism of Green biset functors, for any finite group G we have a shifted
Proposition 3.21. Let H be a finite group. If kR F,G (H) = 0, then kR Q (H) = 0.
Proof. The composite
is a homomorphism of unitary k-algebras. So if kR F,G (H) = 0, then kR Q (H) = 0.
Corollary 3.22. A minimal group for a simple (F, G)-rhetorical biset functor is cyclic. Furthermore, it is unique up to group isomorphism.
Proof. If S is a simple (F, G)-rhetorical biset functor and H is a minimal group for S, then 0 = S(H) is a simple kR F,G (H)-module, and so kR F,G (H) = 0. By Proposition 3.21, kR Q (H) is non-zero, and by Lemma 3.15, H is cyclic. Then any other minimal group for S is cyclic of order |H|, thus it is isomorphic to H.
An immediate consequence of Corollary 3.22 is that Proposition 2.9 holds for kR F,G .
A family of simple G-rhetorical biset functors.
If H is a finite group such that |H| is relatively prime to |G|, then the k-algebra homomorphism α in Diagram 4 is surjective, since any transitive
By counting conjugacy classes of cyclic subgroups of H × H, G and H × H × G, we can see that End P kR Q (H)⊗ k kR Q (G) and End P kR Q,G (H) have the same dimension over k, thus α is an isomorphism.
Proposition 3.23. Let H be a finite group such that |H| is relatively prime to |G|. Then
as k-algebras. Furthermore, kR Q,G (H) = 0 if and only if kR Q (H) = 0.
Proof. We are going to prove that the arrow β in Diagram 4 is an isomorphism. First, since πα is surjective, so is β. Now let a ∈ ker β, then (π ⊗ 1)(b) = a for some b ∈ kR Q (H) ⊗ kR Q (G). The commutativity of Diagram 4 shows that α(b) ∈ I kR Q,G (H), and by Lemma 3.19,
for some cyclic groups K i whose orders are proper divisors of |H| and some
Since the |K i | are divisors of |H|, then we have (|H × K i |, |G|) = 1, and so
and so
since α is an isomorphism. Thus a = (π ⊗ 1)(b) = 0.
Let H be a cyclic group with order relatively prime to |G| such that kR Q (H) = 0, and let [CS(G)] be a set of representatives of the conjugacy classes of cyclic subgroups of G.
as k-algebras, so if V is a simple kR Q,G (H)-module, then it is isomorphic to the restriction of scalars of a simple kR Q (H)-module via the projection π C to the C-th coordinate factor kR Q (H) for a unique
Given two triplets (H, V, C) and (K, W, D), where (H, V ) and (K, W ) are seeds on P kR Q with |H| and |K| relatively prime to |G|, and C and D are cyclic subgroups of G, we say that (H, V, C) and (K, W, D) are isomorphic if (H, V ) and (K, W ) are isomorphic as seeds on P kR Q and C and D are conjugates in G.
If (H, U ) is a seed on P kR Q,G such that (|H|, |G|) = 1, then by the previous paragraphs U can be seen as the restriction of scalars of a simple kR Q (H)-module V via the C-th projection π C : kR Q,G (H) −→ kR Q (H), so we can assign (H, U ) a triplet (H, V, C), where (H, V ) is a seed on P kR Q and C is a cyclic subgroup of G. Then, isomorphic seeds are assigned isomorphic triplets. Now given a triplet (H, V, C) with (|H|, |G|) = 1, we can construct a simple G-rhetorical biset functor T H,V,C = S H,π * C V , where π * C V denotes the restriction of scalars of V via π C . It is not hard to see that T K,W,D ∼ = T H,V,C if and only if (K, W, D) and (H, V, C) are isomorphic.
Proposition 3.24. Let k be a field of characteristic zero and G be a finite group. There is a bijection between the set of isomorphism classes of simple G-rhetorical biset functors whose minimal groups have order relatively prime to the order of G and the set of isomorphism classes of triplets (H, V, C) consisting of a finite cyclic group H whose order is relatively prime to the exponent of G, a primitive kOut(H)-module V and a cyclic subgroup C of G.
Proof. By Corollary 3.22, minimal groups for simple G-rhetorical biset functors are unique up to group isomorphism, thus Proposition 2.9 holds for kR Q,G . Now if S is a simple G-rhetorical biset functor whose minimal group H has order relatively prime to |G|, then S ∼ = S H,U for a unique seed (H, U ) up to isomorphism, and we can assign (H, U ) a triplet (H, V, C) where U ∼ = π * c V . We define an application from the set of isomorphism classes of simple G-rhetorical biset functors to the set of isomorphism classes of triplets by sending the class of S to the class of (H, V, C). The inverse application is given by sending the class of the triplet (H, V, C) to the class of T H,V,C .
4 The category of CR C,G -modules.
In Chapter 7 of [3] it is proved that the functor CR C is a semisimple biset functor with infinite simple factors. However, the functor CR C is simple as a module over itself, as Romero proved in Proposition 4.3 of [10] .
Proposition 4.1. CR C is a simple CR C -module. In particular, it is a simple Green biset functor.
The core of the proof of this proposition lies in the fact that in P CR C the hom-sets are generated by morphisms which factor through the trivial group. We see now that this is so in the shifted case. From Proposition 4.2 we see that CR C,G (H) = 0 if and only if H is the trivial group. Then the simple CR C,G -modules are in one-to-one correspondence with the simple CR C,G (1)-modules, up to isomorphism. By Lemma 2.12, CR C,G (1) ∼ = CR C (G) as C-algebras, so the number of simple CR C,G -modules is the same as the number of conjugacy classes of elements in G. Thus the simple CR C,G -modules are precisely the minimal ideals I C of CR C,G up to isomorphism, where C runs over the conjugacy classes of elements in G. Moreover, by Corollary 3.13,
as CR C,G -modules, where C(G) denotes the set of conjugacy classes of elements of G.
where the vertical arrows are the component arrows of the counit L 1 • ev 1 −→ 1 CR C,G −Mod . Since L 1 is right exact, the bottom row is exact. We want to prove that the arrow from L 1,M(1) to M is an isomorphism. It is enough to prove that the left-hand side and the middle vertical arrows are isomorphisms, for this would imply that the right-hand side vertical arrow is an isomorphism too. Then it is enough to prove that the counit component arrow at CR H×G is an isomorphism for any H. This natural transformation is given by composition
for any K, and by Proposition 4.2, this application is surjective. We will prove that this natural transformation is an isomorphism by showing that CR C (K × 1 × G) ⊗ CR C (1×1×G) CR C (1 × H × G) and CR C (K × H × G) are isomorphic finite-dimentional C-vector spaces. Lemma 2.12 shows that
is an isomorphism of algebras, and CR C (K ×1×G) is a right CR C (G)-module by restrictions of scalars.
On the other hand,
